The aim of this paper is to define weak ---contractive mappings and to establish coupled and tripled coincidence point theorems for such mappings defined on -metric spaces using the concept of rectangular --admissibility. As an application, we derive new coupled and tripled coincidence point results for weak --contractive mappings in partially ordered -metric spaces. Our results are generalizations and extensions of some recent results in the literature. We also present an example as well as an application to nonlinear Fredholm integral equations in order to illustrate the effectiveness of our results.
Introduction and Mathematical Preliminaries
The concept of generalized metric space, or a -metric space, was introduced by Mustafa and Sims.
Definition 1 ( -metric space [1] ). Let be a nonempty set and let : × × → + be a function satisfying the following properties: (G1) ( , , ) = 0 if and only if = = ; (G2) 0 < ( , , ), for all , ∈ with ̸ = ; (G3) ( , , ) ≤ ( , , ), for all , , ∈ with ̸ = ; (G4) ( , , ) = ( , , ) = ( , , ) = ⋅ ⋅ ⋅ (symmetry in all three variables);
(G5) ( , , ) ≤ ( , , )+ ( , , ), for all , , , ∈ (rectangle inequality).
Then, the function is called a -metric on and the pair ( , ) is called a -metric space.
Recently, Aghajani et al. in [2] motivated by the concept of -metric [3] introduced the concept of generalized -metric spaces ( -metric spaces) and then they presented some basic properties of -metric spaces.
The following is their definition of -metric spaces.
Definition 2 (see [2] ). Let be a nonempty set and let ≥ 1 be a given real number. Suppose that a mapping : × × → R + satisfies the following: Definition 7 (see [2] ). Let be a -metric space. One defines ( , ) = ( , , ) + ( , , ), for all , ∈ . It is easy to see that defines a -metric on , which one calls the -metric associated with .
Definition 8 (see [2] ). Let be a -metric space. A sequence { } in is said to be (1) -Cauchy if, for each > 0, there exists a positive integer 0 such that, for all , , ≥ 0 , ( , , ) < ;
(2) -convergent to a point ∈ if, for each > 0, there exists a positive integer 0 such that, for all , ≥ 0 , ( , , ) < .
Proposition 9 (see [2] ). Let be a -metric space. Then the following are equivalent:
(1) the sequence { } is -Cauchy, (2) for any > 0 there exists 0 ∈ N such that ( , , ) < for all , ≥ 0 .
Proposition 10 (see [2] ). Let be a -metric space. The following are equivalent.
(1) { } is -convergent to .
(2) ( , , ) → 0, as → +∞. Definition 11 (see [2] ). A -metric space is calledcomplete if every -Cauchy sequence is -convergent in .
Proposition 12. Let ( , ) and ( , ) be two -metric spaces. Then a function : → is -continuous at a point ∈ if and only if it is -sequentially continuous at
; that is, whenever { } is -convergent to , { ( )} isconvergent to ( ).
Proposition 13. Let ( , ) be a -metric space. A mapping : × → is said to be continuous if, for any two -convergent sequences { } and { } converging to and , respectively, { ( , )} is -convergent to ( , ).
In general, a -metric function ( , , ) for > 1 is not jointly continuous in all its variables. The following is an example of a discontinuous -metric.
Example 14 (see [4] ). Let = N∪{∞} and let : × → R be defined by 
Then it is easy to see that, for all , , ∈ , we have
Thus, ( , ) is a -metric space with = 5/2 (see [5] ). Let ( , , ) = max{ ( , ), ( , ), ( , )}. It is easy to see that is a -metric with = 5/2 which is not a continuous function.
We will need the following simple lemma about theconvergent sequences in the proof of our main results.
Lemma 15 (see [4] ). Let ( , ) be a -metric space with > 1 and suppose that { }, { }, and { } are -convergent to , , and , respectively. Then one has
In particular, if = = , then we have lim → ∞ ( , , ) = 0.
The existence of fixed points, coupled fixed points, and tripled fixed points for contractive type mappings in partially ordered metric spaces has been considered recently by several authors (see , etc.)
Lakshmikantham andĆirić [17] introduced the notions of mixed -monotone mapping and coupled coincidence point and proved some coupled coincidence point and common coupled fixed point theorems in partially ordered complete metric spaces.
Definition 16 (see [17] ). Let ( , ⪯) be a partially ordered set and let : × → and : → be two mappings. has the mixed -monotone property, if is monotone 3 -nondecreasing in its first argument and is monotonenonincreasing in its second argument; that is, for all 1 , 2 ∈ , 1 ⪯ 2 implies ( 1 , ) ⪯ ( 2 , ) for any ∈ and for all 1 , 2 ∈ , 1 ⪯ 2 implies ( , 1 ) ⪰ ( , 2 ) for any ∈ .
Definition 17 (see [7, 17] ). An element ( , ) ∈ × is called Definition 18 (see [17] 
for all ⪯ ⪯ and ⪰ V ⪰ , where either ̸ = or V ̸ = . If there exist 0 , 0 ∈ such that 0 ⪯ ( 0 , 0 ) and 0 ⪰ ( 0 , 0 ), then has a coupled fixed point in ; that is, there exist , ∈ such that = ( , ) and = ( , ).
Theorem 20 (see [10, Theorem 3.2] ). If, in the above theorem, in place of the continuity of , one assumes the following conditions, namely,
then has a coupled fixed point.
Definition 21 (see [29] ). Let ( , ⪯) be a partially ordered set and let be a -metric on . One says that ( , , ⪯) is regular if the following conditions hold.
(i) If { } is a nondecreasing sequence with → , then ⪯ for all ∈ N.
(ii) If { } is a nonincreasing sequence with → , then ⪰ for all ∈ N.
Definition 22 (see [10] ). Let (X, ) be a generalized -metric space. Mappings : X 2 → X and :
hold whenever { } and { } are sequences in X such that
On the other hand, Berinde and Borcut [25] introduced the concept of tripled fixed point and obtained some tripled fixed point theorems for contractive type mappings in partially ordered metric spaces. For a survey of tripled fixed point theorems and related topics we refer the reader to [25] [26] [27] [28] 30] .
Definition 23 (see [25, 26] ). Let (X, ⪯) be a partially ordered set, : X 3 → X, and : X → X.
(1) An element ( , , ) ∈ X 3 is called a tripled fixed point of if ( , , ) = , ( , , ) = , and ( , , ) = .
(2) An element ( , , ) ∈ X 3 is called a tripled coincidence point of the mappings and if ( , , ) = , ( , , ) = , and ( , , ) = . (4) One says that has the mixed -monotone property if ( , , ) is -nondecreasing in , -nonincreasing in , and -nondecreasing in ; that is, if, for any , , ∈ X,
Definition 24 (see [28] ). Let X be a nonempty set. One says that the mappings : X 3 → X and : X → X commute if ( ( , , )) = ( , , ), for all , , ∈ X.
In [26] , Borcut obtained the following.
Theorem 25 (see [26, Corollary 1] ). Let (X, ⪯) be a partially ordered set and suppose there is a metric on X such that (X, ) is a complete metric space. Let : X 3 → X and : X → X be such that has the -mixed monotone property. Assume that there exists ∈ [0, 1) such that 
0
hold whenever { }, { }, and { } are sequences in X such that That is, is an altering distance function.
In this paper, we obtain some coupled and tripled coincidence point theorems for nonlinear ( , ) weakly contractive mappings which are --admissible with respect to another function in partially ordered -metric spaces. These results generalize and modify several comparable results in the literature.
Main Results
Samet et al. [31] defined the notion of -admissible mapping as follows. 
Definition 28 (see [32] ). Let ( , ) be a -metric space, let be a self-mapping on , and let : 3 → [0, +∞) be a function. One says that is an --admissible mapping if
Following the recent work in [33] [34] [35] we present the following definition in the setting of -metric spaces.
Definition 29. Let ( , ) be a -metric space and let , : → and :
One says that is a rectangular --admissible mapping with respect to if
Lemma 30. Let be a rectangular --admissible mapping with respect to such that ( ) ⊆ ( ). Assume that there exists
Now, we prove the following coincidence point result.
Theorem 31. Let ( , ) be a generalized -metric space and let , : → satisfy the following condition:
for all , , ∈ X, where , :
+∞), and is a rectangular --admissible mapping with respect to .
Then, maps and have a coincidence point if
(iii) and are continuous and compatible and ( , ) is complete, (iii ) one of ( ) or ( ) is complete and assume that whenever { } in is a sequence such that ( , +1 , +1 ) ≥ 1 for all ∈ N∪{0} and → as → +∞, we have ( , , ) ≥ 1 for all ∈ N ∪ {0}.
Proof. Let 0 ∈ be such that ( 0 , 0 , 0 ) ≥ 1. According to (i) one can define the sequence { } as +1 = +1 = for all = 0, 1, 2, . . ..
and since is an --admissible mapping with respect to , then
, then is a coincidence point of and . Now, assume that ̸ = +1 for all ; that is,
for all . Let = ( , +1 , +2 ). Then, from (14) we obtain that
We prove that +1 ≤ for each ∈ N. If +1 > for some ∈ N, then from (16) we have ( +1 ) ≤ ( +1 ) − ( ) which implies that = 0, a contradiction to (15) . Hence, we have 0 < +1 ≤ for each ∈ N. Thus, the sequence { } is nonincreasing and so there exists ≥ 0 such that lim → ∞ = ≥ 0.
Suppose that > 0. Then from (16), taking the limit as → ∞ implies that
a contradiction. Hence,
Since +1 ̸ = +2 for every , so by property (G b 3) we obtain
Hence,
Also, by part (3) of Proposition 6 we have
Now, we prove that { } is a -Cauchy sequence. Assume on contrary that { } is not a -Cauchy sequence. Then there exists > 0 for which we can find subsequences { } and { } of { } such that is the smallest index for which > > and
This means that
Since is a rectangular --admissible mapping with respect to , then from Lemma 30 ( ,
= ( ,
Using (G b 5) we obtain that
Taking the upper limit as → ∞ and using (20) and (23) we obtain that lim sup
Using ( 5) we obtain that
Taking the upper limit as → ∞ and using (20) and (23) we obtain that lim inf
Taking the upper limit as → ∞ in (24) and using (23) and (26) we obtain that
which implies that
so lim → ∞ inf ( , −1 , −1 ) = 0, a contradiction to (28) . It follows that { } is a -Cauchy sequence in .
Suppose first that (iii) holds. Then there exists
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Further, since and are continuous and compatible, we get that
We will show that = . Indeed, we have
and it follows that = . It means that and have a coincidence point.
In the case (iii ), if we assume that ( ) is -complete, then
for some ∈ X. Also, from (iii ) we have ( , , ) ≥ 1. Applying (14) with = and = , we have
It follows that ( , , ) → 0 when → ∞; that is, → . Uniqueness of the limit yields that = = . Hence, and have a coincidence point ∈ .
Theorem 32. Let ( , , ⪯) be an ordered generalized -metric space and let , : → satisfy the following condition: 
First, we prove that is a rectangular --admissible mapping with respect to . Assume that ( , , ) ≥ 1. Therefore, we have ⪯ ⪯ . Since isnondecreasing with respect to ⪯, we get ⪯ ⪯ ; that is, ( , , ) ≥ 1. Also, let ( , , ) ≥ 1 and ( , , ) ≥ 1, and then ⪯ and ⪯ . Consequently, we deduce that ⪯ ⪯ ; that is, ( , , ) ≥ 1. Thus, is a rectangular --admissible mapping with respect to . Since
for all , , ∈ , with ⪯ ⪯ , then
Moreover, from (ii) there exists 0 ∈ such that 0 ⪯
Hence, all the conditions of Theorem 31 are satisfied and therefore and have a coincidence point.
If ( , , ) = 1 for all , , ∈ in Theorem 31, then we obtain the following coincidence point result. (ii ) one of ( ) or ( ) is complete.
Coupled Fixed Point Results
We will use the following simple lemma in proving our next results. A similar case in the context of -metric spaces can be found in [24] .
Lemma 34. Let (X, ) be a generalized -metric space (with the parameter ) and let : X 2 → X and : X → X. Suppose that : X 2 → X 2 is given by
Abstract and Applied Analysis 7 and : X 2 → X 2 is defined by 
where
(e) The statement (d) holds if we replace the --admissibility by rectangular --admissibility.
Let (X, ) be a generalized -metric space, : X 2 → X, and : X → X. In the rest of this paper unless otherwise stated, for all , , , V, , ∈ X, let Assume also that
(2) there exist 0 , 0 ∈ X such that
Also, suppose that either (a) and are continuous, the pair ( , ) is compatible, and (X, ) is -complete, or
(b) ( (X), ) is -complete and assume that whenever { } and { } in are sequences such that
for all ∈ N ∪ {0} and → , → as → +∞, we have
for all ∈ N ∪ {0}.
Then, and have a coupled coincidence point in X.
Proof. Let Ω 2 be the generalized -metric on X 2 defined in Lemma 34. Also, define the mappings , : X 2 → X 2 by = ( ( , ), ( , )) and = ( , ), = ( , ) as in Lemma 34. Then, (X 2 , Ω 2 ) is a generalized -metric space (with the same parameter as X), such that (X 2 ) ⊆ (X 2 ). Moreover, the contractive condition (47) implies that
holds for all , , ∈ X 2 . Also, one can show that all conditions of Theorem 31 are satisfied for and and we 8 Abstract and Applied Analysis have proved in Theorem 31 that, under these conditions, it follows that and have a coincidence point = ( , ) ∈ X 2 which is obviously a coupled coincidence point of and .
In the following theorem, we give a sufficient condition for the uniqueness of the common coupled fixed point (see also [23] ). Theorem 35, suppose that and are commutative and that, for all ( , ) and (
Theorem 36. In addition to the hypotheses of
* , * ) ∈ X 2 , there exists ( , V) ∈ X 2 , such that (( , ), ( , V), ( , V)) ≥ 1 and (( * , * ), ( , V), ( , V)) ≥ 1. Then,
and have a unique common coupled fixed point of the form ( , ).
Proof. We will use the notations as in the proof of Theorem 35. It was proved in this theorem that the set of coupled coincidence points of and ; that is, the set of coincidence points of and in X 2 is nonempty. We will show that if and * are coincidence points of and , that is,
Let 0 = and choose 1 ∈ X 2 so that 1 = 0 . Then, we can inductively define a sequence { } such that +1 = . As (( , ), ( , V), ( , V)) ≥ 1 and is rectangular --admissible with respect to , then (( ( , ), ( , )), ( ( , V), (V, )), ( ( , V), (V, ))) ≥ 1; that is,
(53) Therefore, by the mathematical induction, we obtain that ( , , ) ≥ 1, for all ≥ 0. Applying (47), one obtains that
From the properties of , we deduce that the sequence {Ω 2 ( , , )} is nonincreasing. Hence, if we proceed as in Theorem 31, we can show that
that is, { } is -convergent to .
Similarly, we can show that { } is -convergent to * . Since the limit is unique, it follows that = * . The compatibility of and yields that and are compatible, and hence and are weak compatible. Since = , we have
Thus, is another coincidence point of and . Then, = = . Therefore, = ( , ) is a coupled common fixed point of and .
To prove the uniqueness, assume that is another common fixed point of and . Then, = = and also = . Thus, = = = . Hence, the coupled common fixed point is unique. Also, if ( , ) is a common coupled fixed point of and , then ( , ) is also a common coupled fixed point of and . Uniqueness of the common coupled fixed point yields that = .
and then (X 2 , Ω 2 ) is a generalized -metric space (with the same parameter ).
Let (X, ) be a generalized -metric space, : X 2 → X, and : X → X. For all , , , V, , ∈ X, let
(57) 
Coupled Fixed Point Results in Partially Ordered Generalized -Metric Spaces
We will use the following simple lemma in proving our results.
Lemma 38. Let (X, , ⪯) be an ordered generalized -metric space (with the parameter ) and let : X 2 → X and : X → X. Let : X 2 → X 2 be given by
and : X 2 → X 2 is defined by
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Theorem 39. Let (X, , ⪯) be a partially ordered generalized -metric space with the parameter and let : X 2 → X and : X → X. Assume that
for all , , , V, , ∈ X with ⪯ ⪯ and 
Then, and have a coupled coincidence point in X.
Proof. By Lemma 38, (X 2 , Ω 2 , ⊑ 2 ) is an ordered generalized -metric space (with the same parameter ).
Define :
First, we prove that is a rectangular --admissible mapping with respect to . Hence, we assume that ( , , ) ≥ 1, where = ( , ), = ( , V), and = ( , ). Therefore, we have ⊑ 2 ⊑ 2 . Since has the mixed -monotone property, then from Lemma 38, the mapping : X 2 → X 2 is -nondecreasing with respect to ⊑ 2 ; that is,
that is, ( , , ) ≥ 1. Also, let ( , , ) ≥ 1 and ( , , ) ≥ 1; then ⊑ 2 and ⊑ 2 . Consequently, we deduce that ⊑ 2 ; that is, ( , , ) ≥ 1. Thus, is a rectangular --admissible mapping with respect to . From (62) and the definition of and ⊑ 2 ,
for all , , ∈ 2 with ⊑ 2 ⊑ 2 . Moreover, from (2) there exists ( 0 , 0 ) ∈ 2 such that
Hence, all the conditions of Theorem 32 are satisfied and so and have a coincidence point = ( , ) ∈ X 2 which is a coupled coincidence point of and .
In the following theorem, we give a sufficient condition for the uniqueness of the common coupled fixed point (see also [25, 28, 30] ).
Theorem 40. In addition to the hypotheses of Theorem 39, suppose that, for all ( , ) and (
* , * ) ∈ X 2 , there exists ( , V) ∈ X 2 , such that ( , V) is comparable with ( , ) and ( * , * ). Then,
and have a unique common coupled fixed point of the form ( , ).
Proof. It was proved in Theorem 39 that the set of coupled coincidence points of and , that is, the set of coincidence points of and in X 2 , is nonempty. We will show that if and * are coincidence points of and , that is,
then = * . There exists ( , V) ∈ X 2 , such that ( , V) is comparable with ( , ) and ( * , * ). Without any loss of generality, we may assume that ( , ) ⊑ 2 ( , V) and
According to the definition of in the above theorem, (( , ), ( , V), ( , V)) ≥ 1 and (( * , * ), ( , V), ( , V)) ≥ 1. Now, following the proof of Theorem 36, one can obtain that = * . The remainder part of proof is analogous to the proof of Theorem 36 and so we omit it.
Remark 41. In Theorem 39, we can replace the contractive condition (62) by the following:
Remark 42. Theorem 39 provides conclusions of Theorems 3.1 and 3.2 of [4] for more general pair of compatible maps.
In Theorem 39, if we take ( ) = for all ∈ [0, ∞), we obtain the following result. 
for all , , , V, , ∈ X with ⪯ ⪯ and ⪰ V ⪰ , where
Assume also that
(1) has the mixed -monotone property and (X 2 ) ⊆ (X);
Then, and have a coupled coincidence point in X.
In addition, suppose that, for all ( , ) and ( 
for all , , , V, , ∈ X with ⪯ ⪯ and ⪰ V ⪰ , or ⪯ ⪯ and ⪰ V ⪰ , where ∈ [0, 1).
Assume also that
(1) has the mixed monotone property;
(2) there exist 0 , 0 ∈ X such that 0 ⪯ ( 0 , 0 ) and Example 45. Let = R be endowed with the usual ordering and let -metric on be given by ( , ,
We define , :
where = 8/81. Also, has mixed monotone property and satisfies the condition (68). Indeed, for all , , , V, , ∈ with ≤ ≤ and ≥ V ≥ , we have
Similarly,
So,
Finally, there are obviously 0 , 0 ∈ such that 0 ≤ ( 0 , 0 ) and 0 ≥ ( 0 , 0 ). Thus, we conclude that the mapping has a coupled fixed point (which is (0, 0)).
Consider now the same example, but with the -metric 
We conclude that, using a -metric instead of the standard one, one has more possibilities for choosing a control function in order to get a coupled fixed point result.
Remark 46. Theorems 3.5, 3.6, and 3.7 of [4] are special cases of Theorem 39.
Tripled Coincidence Point Results
In this section we prove some tripled coincidence and tripled common fixed point results.
Lemma 47. Let (X, , ⪯) be an ordered generalized -metric space (with the parameter ) and let : X 3 → X and : X → X.
(a) If a relation ⊑ 3 is defined on X 3 by
and a mapping Ω 3 :
for all = ( , , ), = ( , V, ), and = ( , , ) ∈ X 3 , then 
is -nondecreasing with respect to ⊑ 3 ; that is,
where : , , ) , ( , , ) , ( , , ) ) ≥ 1 ⇒ (( ( , , ) , ( , , ) , ( , , ) ) , , ) , ( , , ) , ( , , )) 
Let (X, , ⪯) be an ordered generalized -metric space, : X 3 → X, and : X → X. For all , , , , V, , , , ∈ X, let Assume also that
Also, suppose that either (a) and are continuous, the pair ( , ) is compatible, and (X, ) is -complete, or
is -complete and assume that whenever { }, { }, { } in are sequences such that 
The following tripled fixed point results in ordered metric spaces can be obtained. 
